Let Y be a symplectic singularity over an algebraically closed field k. Let X (i) be its different symplectic resolutions. There is a question of understanding natural equivalence functors between the bounded derived categories of coherent sheaves
. Let G be a reductive group over k. Consider associated parabolic subgroups P (i) . Consider the varieties X (i) := T * (G/P (i) ). By refining the construction from [1] , we construct a local system of categories that captures the natural equivalences between the categories. To each symplectic resolution X (i) , there is a point pt X (i) in V 0 C , for which the local system attaches the category D b (Coh(X (i) )).
To each path between pt X (i) and pt X (j) the local system attaches a natural functor
). This is a picture where the homotopy classes of paths between the points pt X (i) , pt X (j) in V 0 C parametrize natural equivalences between the corresponding bounded derived categories of coherent sheaves. At first we work with k of characteristic p >> 0, and construct the local system for the categories D b (Coh0(X (i) )). Then we extend it to the categories D b (Coh(X (i) )) and lift to characteristic zero. 
Introduction
The D equivalence question
Let F be an algebraically closed field. Let X (1) , X (2) be two smooth projective varieties over F.
Definition 1. X (1) , X (2) are K equivalent if there is a smooth projective variety, Z, and birational correspondence X (1) ← Z → X (2) , such that the pullbacks of the canonical divisors to Z, are linear equivalent.
A conjecture by Kawamata [14] suggests that K equivalence of the varieties, implies an equivalence of the bounded derived categories of coherent sheaves, as triangulated categories.
It's not expected that there will be a construction of a canonical equivalence. When the conjecture holds, one can further study the family of natural equivalences between the categories.
One case where the conjecture holds is the following. Let Y a symplectic singularity over F, Let X (i) be its different symplectic resolutions. These varieties are K equivalent, (the canonical divisor of a symplectic resolution is trivial). Kaledin proved [9] [8] , that the categories D b (Coh(X (i) )) are equivalent. His construction of the equivalence was non canonical. It involved a choice of a tilting generator for the category, which is a very non canonical object. We are interested in studying the family of natural equivalences between
We specialize to the case that was described in the abstract and suggest a local system that captures the natural equivalences, as described in the abstract.
Background
This section sets notations that will be used. It's a short version of the background section from [1] .
Let k be an algebraically closed field of characteristic p >> 0. Let G be a reductive group over k. Let g be its Lie algebra. Let B be the variety of Borel subalgebras in g. Let N ⊂ g be the nilpotent cone. Let T * B → N be the springer resolution.
Let T be a maximal torus. Let Λ := Hom(T, G m ). Let P be a parabolic subgroup s.t
Definition 2. λ ∈ Λ is called p-regular, if the stabilizer in W of λ + pΛ ∈ Λ/pΛ is trivial.
D modules and Coherent sheaves in characteristic p
Let k be a perfect field of characteristic p >> 0. Let X be a smooth variety over k. Let D X be the sheaf of crystalline differential operators on X.
Twisted differential operators. Let L ∈ P ic(X) be a line bundle. Then the sheaf of L twisted differential operators D L X is well defined.
where L corresponds to λ under the equivalence 
Theorem 1. The center of D X is big. It's canonically isomorphic to the sheaf of rings O (T * X) (1) . Here the superscript (1) stands for Frobenius twist. (Remark: For a variety over a perfect field k, of char p, which is defined over F p , the variety and its Frobenius twist are isomorphic as k schemes, hence we usually omit the superscript from the notation and The splitting implies the equivalence:
Where in both side we restrict to sheaves with support on the formal neighborhood of the zero section X ⊂ T * X.
Definition 3. Let F D L ,Coh T * X denote an equivalence functor from the left hand side to the right hand side. In the case that X := G/P we also denote it by F D λ ,CohP or F D,CohP when there is no twist.
Localization theorem in characteristic p
Let h be the universal Cartan subalgebra of g. Let B ⊂ G be any Borel subgroup of G, and b be its lie algbera, then there is a canonical isomorphism h ≃ b/ [b, b] . Let T ⊂ B be a maximal torus contained in B. Let t be its lie algebra. Let W be the Weyl group. W acts on the weight lattice Λ by the dot action. w • λ := w(λ + ρ) − ρ.
Define ξ to be the center of U (g). The center consists of two parts. The Harish Chandra center
is the symmetric algebra of t. And The Frobenius center (p-center) ξ F r ≃ S(g (1) ). To give a central character of U (g), we need to give a pair of elements (λ, e) ∈ t * × g * (1) , which are compatible. In particular lets restrict to the case that e is nilpotent and λ an integral weight.
Let λ ∈ Λ. There is a natural map Λ/pΛ → h * /W λ → dλ. Hence λ defines a maximal ideal of ξ HC . We define U (g) λ := U ⊗ ξHC k.
Let U (g) λ − mod be the category of finitely generated U (g) λ modules. Given a compatible pair λ ∈ Λ, e ∈ g * . We consider Uê λ -mod. The category of finitely generated U λ modules with generalized p character λ. We also denote this category by
Derived localization in char p
See [3] for the classical BB localization theorem. The following theorem, proved in [5] , [6] is an analog in characteristic p. Let λ ∈ Λ.
Theorem 5. Let λ ∈ Λ be p-regular, then the derived global sections functor
Theorem 6. Let λ, e be a compatible pair. The derived global sections induces an equivalences on the subcategories
Note that combining the last theorem with the equivalence in equation (1), the following equivalence is obtained:
Similarly, there is a parabolic version Definition 5. Let X := G/P , P a parabolic. Let A λ,(G/P ) := Γ(G/P, D G/P,λ ). Let A λ,(G/P ) − mod be the category of finitely generated modules over A λ,(G/P ) . Let A0 λ,G/P − mod ⊂ A λ,(G/P ) − mod be the subcategory of finitely generated A λ,(G/P ) modules with generalized p center, zero. We also denote it A λ,(G/P ) − mod 0 .
Claim 3. Let P,Q be associated Parabolic subgroups. There is a canonical equivalence P ic(G/P ) ≃ P ic(G/Q) Let λ ∈ P ic(G/P ) ≃ P ic(G/Q), then the algebras A λ,(G/P ) , A λ,G/Q are canonically equivalent. (See [1] for proof ).
This justifies omitting P from the notation for A λ Definition 6. Let A λ := A λ,(G/P ) , Let A λ − mod be the category of finitely generated A λ modules. Let A(
0)
λ −mod be the subcategory of finitely generated A λ modules, with generalized p center zero. We also denote it A λ − mod 0 Theorem 7. Let λ ∈ Λ L be p regular. then the derived global sections functor Γ P λ :
is an equivalence of categories,and 
A Partial order imposed by a cone Definition 8. Let V R be a real vector space. Let V 0 R be the complement of a real hyperplane arrangement in V R . We call the connected components, alcoves. Let C ⊂ V R be a cone. Define: two alcoves A, A ′ have the relation A ′ is above A with respect to C, if
Definition 9. In particular, let V R := Λ⊗R. Let C P ⊂ Λ⊗R be the cone of positive weights for the parabolic P. We will soon define V 0 R to be a complement of a hyperplane arrangement in Λ ⊗ R. We get the partial order on the alcoves, A < CP A ′ . We denote it also by A < P A ′ . Moreover, let λ, µ ∈ V 0 R be points in A, A ′ respectively, then we also denote λ < P µ.
As described in the abstract, we answer the D equivalence question by a construction of a local system of categories over a topological space V 0 C .
The construction
The topological space V 0 C Let X → Y be a symplectic resolution over k. We attach the following topological space.
(Observe that for a symplectic resolution X, there is
. This is the universal parameter space for quantizations of X, hence we can ask whether derived localization holds for the quantization associated to the point λ ∈ V R . This real vector space is canonically identified for different symplectic resolutions of Y. Let V 0 R ⊂ V R be the area where derived localization theorem does not hold. It's a conjecture, that for every symplectic resolution, this is a complement of an hyperplane arrangement. For the case X = T * G/P this is known. Let
V C is connected.
Definition 11. We call the connected components in V 0 R , the alcoves. Let λ ∈ V 0 R . We let A λ be the alcove that contains λ.
The local system
) are all equivalent. We construct a local system of categories on
These categories are equivalent, however we choose to assign different realizations of the categories to different points, so that it allows us to describe the functors attached to paths between points in a natural way. In particular, for every X (i) , there is a special point
0 (A contractible subset of points), to which the local system assigns the category
). This suggests a picture, where natural D equivalences between the derived
, are parametrized by homotopy classes of paths between the associated points pt
In the more general setup of any symplectic resolution, Namikawa constructed an action [12] of a generalized Weyl group on the parameter space V 0 C . It may be possible to generalize the picture suggested here to other symplectic singularities, using Namikawa's action. [12] Recall from [1] , to construct a local system of categories on a complexification of a complement of hyperplanes, V To refine it, for each parabolic P, consider the positive cone of weights
C , Let the added points pt P be any point in this set. Given a parabolic P, there is a natural path (line) from the point pt P to a point in each of the real alcoves. The refined generators are taken to be these paths between any real alcove to the points pt P (i) .
The definition of the local system
We attach the following categories to the points: To a point in the real alcove A λ attach D b (A λ − mod 0 ). To a point pt P we already said we attach
For the line from an alcove A λ to the point pt P attach the functor
Observe, given an old generator, l A λ ,A ′ µ half a loop in the positive direction from the alcove A λ to A µ . Let P be a parabolic associated to P 0 . The half loop is contained in
Hence this old generator breaks to the natural path from A λ to pt P and a path from pt P to A µ , for each parabolic P, associated to P 0 , whose induced order satisfies equation (4) .
Observe that for this old generator, the functor that we attach here between
for a parabolic P(associated to P 0 ) such that λ < P µ. Denote this functor F λ,µ . It follows from [1] that this is independent of the choice of P and that this is a well defined local system on V 0 C with values in Cat.
Lifting to characteristic 0
Lifting the local system to char 0, and to case without a support condition.
P 0 is our fixed parabolic. Lets discuss the local system using the non-refined Salvetti generators l A,A ′ .
we consider the above as a local system with constant value the category
In this setup, the functors attached to half loops in positive directions between adjacent alcoves that share a codim 1 wall are:
The above local system was constructed when G lives over k, the characteristic p field, and the value was the category of bounded derived coherent sheaves with support condition.
We would like to extend. We would like to construct a local system on V 0 C with value the category D b (Coh(T * G/P 0 )),(without the support condition), s.t the restriction of the functors to the subcategory D b (Coh 0 (T * G/P 0 )) recovers the above local system. We would also like to extend to case that G lives over a characteristic zero field/ring.
We discuss the kernels by which these functors F λ,µ,CohP 0 are defined, and some properties of these kernels with respect to base change.
Let R be a Z[1/h] algebra, where h is the Coxeter number. Let G R be a split connected, simply connected, semi simple algebraic group over R. Consider its corresponding lie algebra The functors F w,R , have kernels
, which are in fact in the heart of the natural t structure, and are simple to describe. We recall their description from the work of [7] .
Recall,
A presentation of Br af f
There exist several natural presentations of Br af f . We consider the following one:
Generators: Let s ∈ I be the simple reflections. To each simple reflection we associate a generator of Br af f called T s . (T s will indeed be the natural lift of s ∈ W af f under the projection Br af f → W af f mentioned above). Another form of generators are θ x x ∈ Λ. Relations: Let s, t ∈ I be simple reflections. Let n α,β denote the order, Ord(s, t ∈ W ) of st ∈ W . It's enough to impose the following relations:
Relations between the T s s ∈ I is the braid relations: T s T t ... = T t T s ... n s,t compositions on each side.
Relations between the θ, are saying that θ : Λ → Br af f is a group homomorphism, θ x θ y = θ x+y . Relations between T s and θ x : They commute if α(x) = x, and otherwise, θ x = T s θ x−α(x) T s , where s := s α the simple reflection for a simple root α.
The kernels of the functors F λ,µ,Coh B 0
The kernel of F λ,µ,CohB 0 has a nice description. As proved in [7] , [13] , there is a nice description of the kernel of the action F w,R . This description is compatible with base change.
The description is most natural in the Koszul dual situation [11] where
is replaced by the Grothendieck resolutiong R → g R . (The fact that the Grothendieck resolution is small, whereas the springer resolution is only semi small, makes the Grothendieck resolution better to work with).
The idea of the kernels construction
Consider the case w ∈ W ⊂ W af f . Let Fg w,R be the notation for the functor which is the action of T w on the category D b (Coh(g R )).
Let π :g → g. Let g reg ⊂ g the regular elements. Letg reg := π −1 (g reg ).
The kernels that describe Fg w are constructed by the following idea: Recall the construction of the action of the Weyl group W on the cohomology of a springer fiber B e e ∈ N , preformed using the minimal Goresky MacPherson extension of a perverse sheaf [10] . The idea is to use the fact thatg reg is a ramified Galois covering with Galois group W. Thus W acts ong reg by deck transformations. Then, this action extends to an action on the cohomology of the springer fiber. The idea of the construction of the Braid group action on D b (Coh(g)) is similar. Starting the action of W ong reg and extending it to action on the category of derived coherent sheaves ong.
Remark 2. When restrictingg → g to the regular semi simple locus this is a cover, hence W acts ong reg−ss by Deck transformations. Then, this action can be extended to the regular locus.
The formula of the functors of Fg w in terms of kernels is as follows:
The kernels construction Let (B 0 ) R be the fixed Borel, let B R be the flag variety. Let w ∈ W ⊂ W af f . Let
is defined in [7] to be a functor Fg w,R , whose kernel is as follows.
Definition 15. Let Γ w,R be the graph of the action of w ∈ W ong reg,R . Let Z w,R be the closure of the graph. Another description is by considering the natural morphismsg 
Claim 4. [7]
These functors Fg w,R , F w,R define an action of the Braid group on the categories
In other words, the functors satisfy the braid relations.
The affine braid group action in terms of kernels See next subsection for the definition of that notion.
Aside: Convolution of kernels and weak geometric action
Let X be a smooth scheme over a commutative ring R. Consider the two natural projections
if it is in the image of the derived pushforward from derived coherent sheaves on a closed subscheme of X × R X, for which the two projections to X are proper. If F is a good sheaf, then it's a kernel of a well defined functor
(Where all operations on the Right hand side are derived)
The formula for the composition of two such functors in terms of the kernels is well known:
The composition of F 1 , F 2 is another functor given by a kernel. The kernel is the convolution of the two kernels. Let π 12 , π 13 , π 23 : X × R X × R X → X × R X be the three possible projections.
Then
(Again all operations are derived)
In other words -D b (X × X) has a monoidal structure given by the convolution product, and this monoidal category acts on the category D b (Coh(X)), letting F act by F F .
Observation 2. The above claim is compatible with base change to another base ring R'. That is, let R → R ′ , let X R ′ be the base change. Consider the map B :
. In other words, the pullback functor
is compatible with this pullback map.
Let Y be a variety over R, Let X := T * Y , then the formalism of convolution is also compatible with restriction to a formal neighborhood of the zero section Y ⊂ T * Y .
These observations leads to the definition of a weak geometric action of a group on a category. As follows. [4] Definition 18. A weak homomorphism from an abstract group H to a monoidal category, is a morphism from H to the group of isomorphism classes of invertible objects.
Definition 19. A weak geometric action of an abstract group H on the category We will use the following observation, Observation 3 (Relations form). Let X be a smooth scheme over R. Let H be a group. Let H be generated by a set S of elements h ∈ S ⊂ H. The relations can be described in the form
To define a weak action of H on the category
) be an equivalence functor assigned to h ∈ S, which is given by a kernel
h defined to be the kernel of the inverse equivalence. Then these functors define a weak action of H on D b (Coh(X)) if there are isomorphisms of sheaves (in the derived category) corresponding to the relations (8):
Where O ∆ is the structure sheaf of the diagonal.
Next, Let B 0 ⊂ P 0 . We need to understand the pullback functor of D modules
, at the level of the corresponding bounded derived category of coherent sheaves, [4] .
The pullback functor π
does not correspond to the ordinary pullback functor at the level of derived category of coherent sheaves. Rather the corresponding pullback of coherent sheaves is:
Definition of the special pullback functor Coh 0 (T
We describe a functor Coh(T * G/P 0 ) R → Coh(T * G/B 0 ) R (R as before). In the case R=k, and after restricting to Coh 0 (T * G/P 0 ) k this is compatible with the pullback functor of D modules.
Remark 4. To simplify notations, I remove mentioning the base ring R from the notation.
Let B ⊂ G be a Borel subgroup. Let P ⊃ B be a parabolic which contains it. Consider the varieties X:=G/B, Y:=G/P. Consider the projection π : X → Y , a smooth surjective map. Consider the morphism of vector bundles dπ :
dπ is a closed embedding.
Example 2. Let G=GL n , Let P be a minimal parabolic, in standard form, its Levi is (n-2) boxes of size one and one box of size two by two. Consider the projection G/B → G/P . We can describe the varieties and this projection in terms of moduli space of flags. Identifying G/B with the moduli space of full flags of length n and G/P with the moduli space of partial flags,
..V n with dimV i = i, the morphism G/B → G/P is forgetting V i . The fiber is P 1 (It corresponds to choices of a line in
. The closed embedding df is a divisor.
Example 3 (Of df).
Consider the case P=G. X=G/B, Y=G/G=pt ⇒ T * Y = pt dπ : X → T * X is the zero section.
Let f : T * (G/P ) × G/P G/B → T * (G/P ) be the projection map. f is smooth and flat.
Definition 20. [4] Using the correspondence dπ, f define the special pullback functor dπ * f * :
Since f is flat and dπ is a closed embedding, it follows that, Claim 6. This functor is exact.
Consider the case where R = k (algebraically closed field of char p > h). Restricting the domain to
Under the equivalence of Coherent with D modules, the functor , p) |p ∈ G/P, x ∈ p)).
In this version the situation is simpler. The functor between coherent sheaves that corresponds to the pullback functor of D modules is the ordinary pullback functor of coherent sheaves Remark 6. We don't discuss the case X =g P in length since it's not a symplectic resolution, just a Poisson variety. (Studying the family of quantization of a Poisson variety, may allow to generalize the picture that we suggest of a local system on a subset of the universal parameter space of quantizations to such case.)
Extending to coherent sheaves with no support condition
In this subsection, R=k.
We will define a local system on V Remember, the generators of the groupoid of V 0 C are l λ,µ , where λ, µ are two weights in adjucent real alcoves that share a codimension one wall.
In the local system for D b Coh 0 (T * G/P 0 ) we attached the functor F λ,µ,CohP 0 to l λ,µ .
Let F λ,µ,CohP 0 denote the functor we will attach to the generator l λ,µ in the local system
When P 0 is a Borel B 0 , we know a definition of F λ,µ,CohB 0 by its kernel, whose restriction to the subcategory with the support condition is F λ,µ,CohB 0 . The kernels live in the heart. In the abelian category
Let π * be the special pullback functor we defined above.
Observation 4. The following diagram commutes.
Moreover, the functors F λ,µ,CohP 0 are uniquely characterized as functors that makes the diagram commutes.
Claim 7. There exists and unique functors F λ,µ,CohP 0 that complete the following diagram to a commutative diagram. Proof. We need to check that the relations of the groupoid hold. These relations are described in terms of equations on the kernels of the form, equation (9) . Here we use a lemma Lemma 1. Let X be a smooth projective variety over k that admits a projective map to an affine variety. A relation of the form of equation (9) for sheaves in
holds iff it holds after passing to a formal neighborhood of the zero section
Using the lemma, it's enough to prove equation (9) (4)). The restricted functors do form a local system, hence equation (9) is satisfied for their kernels.
Extending to case of char 0
Let G be over a R := Z[1/h]. Let B 0 ⊂ P 0 be the fixed borel and fixed parabolic. We will define a local system on V 0 C with value the category D b Coh(T * G/P 0 ), s.t base changing the functors to the category D b (Coh(T * G/P 0 )) k , recovers the previous local system.
Remember the generators of the groupoid are l λ,µ as before. Let F λ,µ,CohP 0 denote the functors we will attach to l λ,µ in the local system for the category D b Coh(T * G/P 0 ).
Consider the case P 0 = B 0 a Borel. In this case we already explained the existence of the functors F λ,µ,CohB 0 , defined by their kernel, that form a local system, and whose base extension to k, recovers the the local system on V For the first statement, to prove the functors F λ,µ,CohP 0 satisfy the relations of a local system, we need to prove that the equations of the form , equation (9), on the convolution of the kernels of F λ,µ,CohP0 hold. For this we need a lemma.
Lemma 2. Let R be a finite localization of Z. Let X=T * G/B Where X is considered as a variety over R. Let ∆ X ⊂ X × R X denote the diagonal and let ∆ X,Fq denote the base extension of this diagonal toF q . q a prime number.
Let F ∈ D b Coh Gm (X × R X). If for any prime q, which is not invertible in R, the base extension of F to F p (in the derived sense), satisfies the relation F ⊗ R F q ≃ O ∆X Fq Then F ≃ O ∆X R Let A be a finitely generated flat R algebra. Let A q := A ⊗ R F q . The lemma above follows from the next claim about A modules and their derived extension to F q for q which is prime in Z, which is not invertible in R.(see [7] ) Claim 9. Let M be an object in the bounded derived category of A modules. If the derived extension of of M to F q is concentrated in degree 0 for every prime q not invertible in R, then M is flat over R and concentrated in degree 0. If the derived extension is zero for every q as above, then M is zero.
Using the lemma, we reduce to proving the relations (9) holds after base extension tō F q for various primes q, not invertible in R. After base extension this becomes relations for the kernels of F λ,µ,CohP 0F q . By proposition 1 these functors form a local system hence their kernels satisfy the relations.
Remark 7 (An application of the local system). Let X be a symplectic resolution over k.
Recall that V R is a parameter space for quantization of X. These quantizations give rise to natural t structures on the category of coherent sheaves D b (Coh(X)). In particular, in the area where localization theorem holds V 0 R , there is a t structure attached to each alcove. It's possible to describe the changes in the t structures when crossing a wall, using the local system above, and a variant of Lusztig a-function for the Weyl group. We discuss that in [2] for the case X = T * G/P .
